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Abstract 
An evaluation is required to determine the possible impact of hazardous substances on human 

health. Due to this reason, a comparative case study for cancer risk assessment under probability-

generalised fuzzy number is presented here. The case study is presented here by using two 

principles, viz, one is by Chen’s Functions principle and the other is by Dutta and Ali. Then we 

compare the results to find which is more effective. 
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Introduction 
In the decision making system, risk 

assessment is an important and popular tool. 

As per the IAEA report [1] the major 

categories of sources of the uncertainty are 

(i) Input parameter uncertainty: The 

parameters of the various models are not 

exactly known because of scarcity or lack of 

data, variability with the populations of 

plants and/or components and assumption 

made by experts. (ii) Modelling 

uncertainty:- These uncertainties are 

introduced by the relative inadequacy of the 

conceptual models, the mathematical 

models, the numerical approximations, the 

coding errors and the computational 

limits[2]. 

In the input parameters of the model, 

uncertainties are characterized and 

propagated to quantify their impact on the 

model output. There are various methods for 

the treatment of uncertainties. These are : 

Method of Moments (Granger and Henrion 

[3]), Monte Carlo simulation (Jackson et 

al.[4]), Fuzzy arithmetic (Tanaka et al.[5]); 

Durga Rao et al. [6], Dempster-Shafer 

theory (Bae et al.[7]) and Probability bounds 

(p-box)(Fenson and Hajagos [8]). 

Risk assessment is done by using model and 

a model is a function of parameters which 

are usually affected by aleatory uncertainty 

and epistemic uncertainty. When both 

aleatory uncertainty and epistemic 

uncertainty affect the model parameters, 

then hybrid method or combination of 

probability and fuzzy number is required. 

When some model parameters are affected 

by aleatory uncertainty and other some 

parameters affected by epistemic 

uncertainty, one can either transform all the 

uncertainties to one type of format or need 

for joint propagation of uncertainties for 

http://www.ijsar.in/
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computation of the risk.                                     

Different effort have been made by different 

researchers for joint propagation of aleatory 

and epistemic uncertainty, viz, Guyommet et 

al.[9], Baudrit et al.([10],[11]), Kentel and 

Aral [12], Li et al.[13], Dutta et al.[14]. In 

all their effort it is observed that, some input 

parameters are probabilistic and some are 

normal fuzzy number. 

Recently, Dutta [15] made an analysis to 

combine probability distribution with 

normal fuzzy number and generalised 

interval valued fuzzy number within the 

same framework. 

Environmental or human health risk 

assessment is an important tool in any 

decision making system in order to minimise 

the effects of human actives on the 

environment. Generally, environment data 

are vague and imprecise. Therefore, 

uncertainty is related to these data. Model 

parameters can be affected by epistemic 

uncertainty. To handle this type of 

uncertainty, fuzzy set theory or possibility 

theory can be used [14]. Guyonnet et al. [9] 

have proposed hybrid method for 

combinning probability and possibility 

distributions. The hybrid method proposed 

by Guyonnet et al.[9] joins the random 

sampling of probability distribution 

functions with fuzzy interval analysis on the 
 -cut and  performed a post-processing of 

this result in order to combine random fuzzy 

set with a tolerance threshold. Baudrit et 

al.[10] work on the theory of Dempster-

Shafer. Kental and Aral [12] combined 

utilisation of fuzzy and random variables. Li 

et al. [13] has proposed different hybrid 

method to join probability and possibility 

distribution. Dutta et al.[14] proposed a 

hybrid method to deal with both variability 

and uncertainty within the same framework 

of computation of risk. 

In this paper, an effort has been made to 

combine probability distribution and 

generalised fuzzy number. Here we used 

two approaches to present the hypothetical 

case study for health risk assessment and 

finally we compare the results. 

 

Basic idea of uncertainty 

The ideas and concepts uncertainty begin in 

the 4
th

 century B.C. From the Greek 

epistemic, meaning `knowledge' and logos, 

meaning `theory', the word epistemology is 

derived. Epistemology associates with the 

possibilities and limits of human knowledge.  

Uncertainty impacts decisions, designs and 

behavior in a wide variety of fields. 

Uncertainty in the physical sciences 

primarily concentrated on error analysis and 

quantum physics. Uncertainty influences a 

wide range of fields in the physical sciences 

and engineering. 

Uncertainty refers to the imprecision in the 

estimate concerning a parameter value. 

Some uncertainty may be associated with 

variability, for e.g., the variation in 

consumption rates of a particular vegetable 

may be somewhere between a particular 

range of coefficient of variation.In such case 

the range expressing the uncertainty in 

coefficient of variation. The uncertainty 

associated with this particular value may be 

reduced in further measurements. There are 

mainly two types of uncertainties which are 

discussed below. 

 

Aleatory uncertainty 

If a system behaves in random ways, this 

type of uncertainty arises. Aleatory 

uncertainty is also called stochastic 

uncertainty, Type A uncertainty, variability, 

randomness and irreducible.  It may be tied 

to variation in physical and biological 

processes and cannot be reduced with 

additional research or information although 

it may be known with greater certainty. This 

type of uncertainty relates with the data like 

demographic data on food intake, water 

intake which depends on the height, body 

weight, socio-economic status life style and 

inherent variations in dietary habits. 

Aleatory uncertainty cannot be reduced by 

additional study, improvement in questions, 
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increase in sample size whatsoever. Only 

this type of uncertainty can be reported with 

higher level of confidence.  

 

Epistemic uncertainty 

Epistemic uncertainty evolves from the 

incompleteness of knowledge about the 

system. Epistemic uncertainty is also called 

subjective uncertainty, Type-B uncertainty, 

state of knowledge uncertainty. It arises due 

to faulty sampling design, sample size, 

sample collection methodology, 

measurements, processing of samples, 

detection limits of instruments used in study 

and data analysis, censoring, ignorance 

about the physical mechanisms and 

processes involved and other imperfection in 

scientific understanding. This type of 

uncertainty can be reduced by additional 

experiments and collections of additional bit 

of data. 

 

Basic concept of probability theory   

Probability theory is frequently used to 

study uncertainty analysis if the parameters 

used in prescribed models are random in 

nature and followed well defined 

distribution. Probabilistic methods quantify 

variation in exposure by using distribution to 

describe variation in consumption, 

concentration and body weight, then 

combining these two produce a distribution 

for exposure. 

A random variable is a variable in a study in 

which subjects are randomly selected. It 

frequently occurs in performing an 

experiment that we are mainly interested in 

some functions of the outcome as opposed 

to the outcome itself. Formally, these are 

real valued functions defined on the sample 

space. 

A random variable that can take on at most a 

countable number of possible values is said 

to be discrete. For a discrete random 

variable X , we ( )p a  define the probability 

mass function  of X  by 

( ) ( )p a P X a   

The probability mass function ( )p a  is 

positive for at most a countable number of 

values of a , i.e.,if x must assume one of the 

values 1, 2,...x x
,then 

 
( ) 0ip x 

 1,2,...i   
( ) 0p x   for other values of x . 

Since X  must take on one of the values of 

ix
, we have 

1

( ) 1i

i

p x





 

The cumulative distribution function F  can 

be expressed in terms of ( )p a  by 

( ) ( )
i

i

allx a

F a p x


 
 

X  is a continuous random variable if there 

exists a nonnegative function ( )f x , defines 

for all real ( , )x   , having the property 

that for any set B  of real numbers 

( ) ( )
B

P X B f x  
 

The function ( )f x  is called the probability 

density function of the random variable X . 

Also 

( ) 1f x






 

The CDF of a continuous random variable 

$X$  is given by 

( ) ( ) ( )

x

F x P X x f x dx


   
 

Basic idea of fuzzy set theory 

The publication of a paper by Lotfi A. 

Zadeh [16] was the important point in the 

evaluation of modern concept of uncertainty. 

In his paper, Zadeh introduced a theory 

whose objects are fuzzy sets. Fuzzy sets are 

the sets with boundaries that are not precise. 

Definition of some terms related to fuzzy set 

theory is given below.  
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Fuzzy Set 

Let X  be a universal set. Then the fuzzy 

subset A  of X is defined by its membership 

function 

 ( ) : 0,1A x X 
 

( )A x
 gives the grade of the membership of 

x  in A . 

 
 -cut of a Fuzzy Set 

The concept of an  -cut is one of the most 

important concepts of fuzzy sets. Let A  be a 

fuzzy set on X  and 
 0,1 

. Then the  -

cut is defined as the crisp set  

 : ( )A x A x  
 

The strong  -cut is also the crisp set 

defined by 

 : ( )A x A x   
 

 

Support of a Fuzzy Set 

The support of a fuzzy set A  defined on X  

is the crisp set that contains all the elements 

of X  having non-zero membership grades 

in A . That is, it is defined as  

  sup( ) : 0AA x X x  
 

 

Height of a Fuzzy Set 

The height of a fuzzy set A  defined on X  

is the largest membership grade obtained by 

any element in that set. That is, it is defined 

as  

( ) sup ( )x x Ah A x
 

 

Fuzzy Number 

A fuzzy number A  is a fuzzy set of the real 

line which is normal, convex and continuous 

membership function of bounded support. 

 

Generalised Fuzzy Number 

The membership function of generalised 

fuzzy number 
 , , , :a b c d w

  

where ,0 1a b c d w      is defined as 

([17],[18]) 

 

0;

;

( )

;

0;

A

x a

x a
w a b

b a
x

d x
w c d

d c

x d







 
 

 
 

 
   

The generalised fuzzy number A  will be a 

normal trapezoidal fuzzy number if 1w  . If 
a b  and c d , then A  will be crisp 

interval. It will be a generalised triangular 

fuzzy number if b c . When 1w   and 

a b c d    then A  will be a real number. 

Since the parameter w  represents the degree 

of confidence of opinions of decision 

makers, generalised fuzzy number can deal 

with uncertain information in a more 

flexible manner compared to normal fuzzy 

number. 

The  cut of the generalised fuzzy number 

is given by  

 

Chen’s function principle 

S. H. Chen [17] develops the theory and 

possible application of generalised fuzzy 

numbers. By proposing the function 

principle, different arithmetic operations on 

generalised fuzzy number were formulated 

in his work. In order to overcome of the 

complication arise in due to the use of 

extension principle, Chen investigated the 

function principle. Though function 

principle was used to develop arithmetic 

operations on generalised fuzzy nuber, in 

practice it has been realised that there are 

some limitations of Chen's method. From 

the mathematical point of view, it can be 

said that, computing different arithmetic 

operation using function principle is 

basically a pointwise operation (addition, 

subtraction, multiplication and division). 

Due to this reason, it has been observed that 

arithmetic operations of generalised 

trapezoidal (triangular) fuzzy number with 
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the function principle cause the loss of 

information and do not give the exact result. 

 

Proposed Hybrid Approach    

In this section, first a hybrid has been 

proposed in which fuzzy numbers are 

combined by using function principle.  After 

this we discuss the hybrid approach 

proposed by Dutta [19] and finally we 

compare the results. 

 

Hybrid Approach I   

Let us consider an arbitrary model 

1 2 1, 2( , ,..., , ,..., )m rM g P P P Q Q Q
 

where 1 2, ,..., mP P P
 are m  parameters 

represented by probabilistic distribution 

and 1, 2 ,..., rQ Q Q
  are r  parameters 

represented by generalised triangular fuzzy 

number with heights 1 2, ,..., rw w w
 

respectively. Thus, 

 2 2 2 2 2, , ;Q a b c w  1 1 1 1, , ;Q a b c w
 

,...,
 , , ;r r r r rQ a b c w

 

 

The approach is explained below: 

Step I:  Calculate  -cut for each 

generalised triangular fuzzy number. Since 

the height of each generalised triangular 

fuzzy number is different, so to perform the 

computation we consider Chen's function 

principle [17].Thus 

 1 1 1 1 1 2, , ;min , ,..., rQ a b c w w w    ,

 2 2 2 2 1 2, , ;min , ,..., rQ a b c w w w    , 

...,
 1 2, , ;min , ,...,r r r r rQ a b c w w w     

For this first we calculate for 0   i.e., 

we will find 0-cut. From this we get r  

closed intervals. Thus we get 2r  numbers of 

values. 

Step II: Generate m  numbers of uniformly 

distributed random number from 
 0,1

and 

we perform Monte Carlo simulation to 

obtain m  numbers of random numbers by 

sampling probability distribution. 

Step III: Assign all 2r  values and m  

random numbers in the model and calculate 

minimum and maximum value of the model 

M . i.e., 
sup

1 sup( )M M
 and 

inf

1 inf( )M M
   

Step IV: Repeat step I to step III for 5000 

times. 

Step V: Plot CDF of 
 sup sup sup

1 2 5000, ,...,M M M
 

and
 inf inf inf

1 2 5000, ,...,M M M
 

Step VI: Consider other  -levels to 

calculate  -cut for each generalised fuzzy 

number. It is to be noted that the greatest 

value of   is w , i.e.,  values within the 

interval 
 0, w

  

Step VII: Repeat step II to step V. 

 

If we proceed in this way, we get a family of 

CDF's. From these CDF's membership 

functions at different fractiles can be 

generated. In this hybrid approach the shape 

of the generalised triangular type fuzzy 

number remain same.  At different fractiles 

the shape of the resultant membership 

function will be generalised triangular type 

fuzzy number.  

 

Hybrid Approach II 

Let us consider a arbitrary model 

1 2 1, 2( , ,..., , ,..., )m rM g P P P Q Q Q
 

where 1 2, ,..., mP P P
 are m  parameters 

represented by probabilistic distribution and 

1, 2 ,..., rQ Q Q
 are r parameters represented by 

generalised fuzzy number with heights 

1 2, ,..., rw w w
 respectively.   

        

The approach is given below: 

Step I:  Calculate  -cut for each 

generalised fuzzy number. The height of 

each generalised fuzzy number is different. 
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Thus to perform computation we consider 

  values within the interval 
 0, w

  

where 
 1 2min , ,..., rw w w w

.  For this first 

we calculate for  i.e., we will find 0-cut. 

From this we get r  closed intervals. Thus 

we get 2r  numbers of values. 

Step II: Generate m  numbers of uniformly 

distributed random number from 
 0,1

. Now 

we perform Monte Carlo simulation to 

obtain m  numbers of random numbers by 

sampling probability distribution.  

                    

Step III: Assign all 2r  values and m  

random numbers in the model and calculate             
sup

1 sup( )M M
and 

inf

1 inf( )M M
                                                                                          

Step IV: Repeat step I to step III for 5000 

times. 

Step V: Plot CDF of 

 sup sup sup

1 2 5000, ,...,M M M
and 

 inf inf inf

1 2 5000, ,...,M M M
.                                

Step VI: Consider other  -levels to 

calculate  -cut for each generalised fuzzy 

number. It is to be noted that the greatest 

value of   is w  i.e.,   values within the 

interval 
 0, w

          

Step VII: Repeat step II to step V.  

                                            

If we proceed in this way, we get a family of 

CDF's. From these CDF's membership 

functions at different fractiles can be 

generated. 

 

Case study 

A hypothetical case study for cancer risk 

assessment is presented for the 

demonstration of proposed hybrid method. 

Taking water became contaminated due to 

the release of radionuclide to water; we need 

to calculate cancer risk for ingestion 

pathway. 

The risk assessment model due to the 

ingestion of radionuclides in water as 

provided by EPA [19] is follows: 

C IR EF ED
Risk CSF

BW AT

  
 

  
Where C  is the concentration (mg/L), IR  is 

the ingestion rate (L/day), EF  is the 

exposure frequency (days/year), ED  is the 

exposure duration (years), BW  is the body 

weight (kg), AT  is the average time and 

CSF  is the cancer slope or potency factor 

associated with ingestion 
1( / )mg kg day  . 

The uncertain variables concentrationC , 

intake rate IR  and body weight BW  are 

depicted in the Fig1.1 -Fig1.3. The result of 

the cancer risk assessment due to the 

ingestion of radionuclide in water using 

hybrid approach I is depicted in Fig.1.4. 

Here we take  =0.0, 0.4, 0.8 for simple and 

clear representation. At 80th fractile, risk 

value lies in the generalised fuzzy number 

[128.4729, 144.2585, and 162.2816]. The 

graphical representation of this generalised 

fuzzy number is depicted in Fig.1.5.  

The result of the cancer risk assessment due 

to the ingestion of radionuclide in water 

using hybrid approach II is depicted in 

Fig.4.6. Here we take  =0.0, 0.4, 0.8 for 

simple and clear representation. At 80th 

fractile, risk value lies in the generalised 

fuzzy number 128.4705, 142.3367, 

146.1837, 162.2786; 0.8]. The graphical 

representation of this fuzzy number is 

depicted in Fig.1.7. 
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Table:1 Values of the parameters for calculating cancer risk.  

Variable Representation Value 

Concentration C  Probabilistic Normal(0.15,0.0005) 

Intake Rate IR  Fuzzy [4.75,5,5.25;0.8] 

Exposure Frequency EF  Deterministic 350 

Exposure Duration ED  Determinitic 30 

Body Weight BW  Fuzzy [0.14,0.15,0.16;1] 

Averge Time AT  Deterministic 25550 

Cancer Slope Factor CSF  Deterministic 70 
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Conclusion 

In this paper, we have considered risk model 

where input parameters are tainted with 

epistemic and aleatory uncertainty and risk 

assessment has been carried out using the 

hybrid approach. We have studied 

generalised fuzzy number to represent 

epistemic uncertainty and tried to fuse with 

probability distribution. To demonstrate and 

make use of generalised fuzzy number and 

the combination of generalised fuzzy 

number with probability distribution, a 

hypothetical case study for health risk 

assessment is presented here by applying 

two hybrid approaches. 

Using the first hybrid approach based on 

Chen's function principle, risk has been 

obtained in the form of CDF's and from 

which membership functions of the risk 

have been generated at different fractiles. 

The membership function at different 

fractiles is generalised triangular fuzzy 

numbers.  The result of the cancer risk 

assessment due to the ingestion of 

radionuclide in water using hybrid approach 

I is depicted in Fig.1.4. Here we take 
 =0.0, 0.4, 0.8 for simple and clear 

representation. At 80th fractile, risk value 

lies in the generalised fuzzy number 

[128.4729,144.2585, 162.2816;0.8]. The 

graphical representation of this generalised 

fuzzy number is depicted in Fig1.5.  

Using the Dutta and Ali [14] hybrid 

approach risk has been obtained in the form 

of CDF's and from which, membership 

functions of the risk have been generated at 

different fractiles. The membership function 

at different fractiles are generalised 

trapezoidal fuzzy numbers. 

The result of the cancer risk assessment due 

to the ingestion of radionuclide in water 

using hybrid approach II is depicted in 

Fig.1.6. Here we take  =0.0, 0.4, 0.8 for 

simple and clear representation. At 80th 

fractile, risk value lies in the generalised 

fuzzy number  

[128.4705,142.3367,146.1837,162.2786;0.8. 

The graphical representation of this 

generalised fuzzy number is depicted in 

Fig.1.7.  

In this study, it is observed that in hybrid 

approach I, the shape of the resultant risk at 

certain fractile is generalised triangular 

fuzzy number while in approach II it is 

generalised trapezoidal fuzzy number. 
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