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Abstract
Introduction: Survival time data measure the time to a certain event, such as failure, death etc.
These times are subject to be random variables. These data have the property for nonnegativeless and must have skewed distribution. The exponentiated exponential distribution can
define as a generalization of the standard exponential distribution. It is obtained with Fisher
information matrix under Type-II censoring for this distribution.
Case Report: The aim of this study is to investigate estimating of parameters in exponentiated
exponential distribution based on progressively censored survival time data. Moreover likelihood
based confidence intervals are also investigated in the same data frame. It is also illustrate the
results using bile duct cancer data set.
Discussion: In this study we consider parameter(s) estimation in the EE distribution based on
progressively censored samples. We also consider likelihood based confidence interval of the
parameters in that distribution. We present a real data example where it is observed that the EE
has a better fit compare to standard exponential, gamma, log-logistic, log-normal and Weibull.
Keywords: Exponentiated exponential distribution, hazard function, likelihood based confidence
interval, maximum likelihood estimator, progressively censoring
t  0 ,  and   0
(1)

This is simply the
th power of the cdf
standard exponential distribution. The
mathematical properties of EE distribution
have been studied in detail by Gupta and
Kundu (2001), and Nadarajah and Kotz
(2003). The aim of this study is to
investigate estimators of the parameters in
the EE distribution based on censored
(progressively) survival time data using the
method of maximum likelihood. The

Introduction
A new skewed failure time distribution
named
exponentiated
exponential
distribution (or generalized exponential
distribution) has been introduced and studied
by Gupta and Kundu (1999, 2001,
2003, 2004, 2007). It can be defined as a
generalization of the standard exponential
distribution. In particular, the EE distribution
is defined by the cumulative distribution
function (cdf) as given in Equation.1:
α
F t; ,    1  exp  λt  ,
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corresponding
probability
function (pdf) as given below:



f t;  ,    αλe  λt 1  e  λt



distribution
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α 1

,
t  0 ,  and   0 .
(3)
The corresponding cdf and survival function
of the EE distribution can given by
Equation.4 and Equation.5:
α
F t; ,    1  exp  λt  ,
t  0 ,  and   0 .
α
S t; ,    1  1  exp  λt  ,
t  0,

α 1

 λt

α 1

Parameters estimation
One of the features of the survival data
which
renders
standard
methods
inappropriate is that survival times are
generally censored. This may be because the
data from a study are to be analysed at a
point in the when some observations are still
alive. Alternatively, the survival time status
of an observation at the time of analysis
might not be known because that
observation has been lost to follow-up. If the
observation was last known to be alive or
lost to follow-up at time c , the time c is
called a censored survival time. This
censoring occurs after the observation has
been entered into a study that is, to the right
of the last known survival time, and is
therefore known as right censoring. This
type
of
right-censoring
is
called
progressively censoring. Consequently,
right-censored survival time is then less than
the actual, but unknown, survival time.
In the following sub-section we are going to
give point estimators of the parameters
based on censored survival time data using
maximum likelihood method. Moreover we
are going to give likelihood based
confidence interval estimators of the
parameters in the same data frame.

The Exponentiated Exponential (EE)
distribution
 -powered
standard
exponential
distribution function can be given in
Equation.3:



 1  1  e 

, t  0 (6)
The hazard function of the EE is constant at
 when   1 , increasing when   1 , and
decreasing when   1 . Therefore the EE
distribution
has
a
nice
physical
interpretation.

t  0 ,  and   0
(2)
Here  is the shape parameter and  is
scale parameter. The standard exponential
distribution is the particular case of (2)
for   1 .
The EE distribution shares an attractive
physical interpretation. Suppose that the
survival times of n-observations in a medical
study are independently and identically
distributed according to Equation.1 or 2.
Then it follows the survival time of the study
also has the EE distribution.
Since than, Exponentiated Exponential
Distribution is studied for different types of
data or distributions. Gauss et all. (2013) is
studied The Exponentiated Generalized
Class of Distributions. Nadarajahand Gupta
(2007) is studied for exponentiated gamma
distribution. Gauss and Cordeiro (2013) is
studied for the class of Generalized
Exponentiated Distributions. Nadarajah and
Kotz (2006) is also give more about
Exponentiated Type Distributions.

f t;  , λ   αλe  λt 1  e  λt

f t; ,  

S t; ,  

Point estimation of parameters
In this sub-section we consider estimation by
the method of maximum likelihood for
estimation of parameters. Now an
t , ,t d
uncensored random sample is 1
, and

(4)

 and   0 .

(5)
Therefore hazard function defined as in
Equation.6:
9

 xi

censored
sample
be c1 , ,cnd .
An
observation observed to survive at t
contributes a term f t; ,   to the
likelihood, the density of survive at t . The
contribution from an observation whose
survival time is censored at c is S c; ,   ,
the probability of survival beyond c . The full
likelihood from n independent observation,
indexed by i , is then

L  i 1  f t i ; ,  
n

wi

Replacing to e
and f i , respectively, then the last two
equations can be written as follows:
 log L(.) d
   n w log f 
i 1 i
i


1
in 1 1  w F log f S
i i
i i
(11)



  i 1 1  wi xi li f i 1Si1

1 wi 

n

n

i

(12)
In equations (11), and (12) Fi and S i
represent cdf and survival function of i-th
observation. Setting the last two expressions
to zero and solving them simultaneously
yields the maximum likelihood estimates of
the two parameters.

(7)
where the wi is a dummy variable that is
defined as follows
1, if survival time uncensored
wi  
0, if survival time censored
(8)
The log-likelihood is
n
log L(t; ,  )  i 1 wi log f (t i ; ,  )
.
n
 i 1 (1  wi ) log S (ti ; ,  )
(9)
In terms of the observed survival or
 
censoring time xi  min t i , ci , this becomes

Confidence
interval
estimation
of
parameters
In this sub-section we are going to give
likelihood based confidence interval
estimators of the parameters in the censored
survival time data. Let  0 be log-likelihood

log L( xi ; ,  )  d log(  )  d log(  ) 

function value according to maximum
likelihood estimates from the EE
distribution. Then for 
parameter
100(1   )% confidence intervals estimates

 i 1 wi xi  (  1)i 1 wi log(1  ex )
n

n
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(10)
The first order derivatives of (10) with
respect to the two parameters are:
 log L(.) d
n
  i 1 wi log 1  e xi 
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3.841  2 0   L 

, where

 L

and

given
by
3.841  2 0   U 

3.841  2 0   L 

, where

 L

and

denotes lover and upper values of loglikelihood function when  value fixed. The
value of 3.841 is %95 table values of the
chi-square distribution when degrees of
freedom 1.

n

 1  e xi

given
by
3.841  2 0   U 

denotes lover and upper values of loglikelihood function when  value fixed. In
similar way, for the parameter  ,
100(1   )% confidence intervals estimates

i

 1  1  e xi
and
 log L(.) d
n
  i 1 wi xi 
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, and (1  e ) with li



1
xi 
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Weibull
distribution,

S (t; ,  )  exp  (t  ) .

Results
In this study we used Bile Duct Cancer data
to illustrate the proposed method. Data are
taken Fleming et al. (1980). They are use the
data for comparison two survival
distributions using modified KolmogorovSmirnov test statistic. Cox and Oakes (1984)
was used the data for illustrating expectation
and maximisation (EM) algorithm from
gamma distribution with the group of
radiation-drug therapy patients. We use the
data for illustrating the EE distribution and
comparing the other five distributions. For
the group of radiation-drug therapy patients
survival times are given in Table 1.



We give all six distribution survival function
in Fig. 1 with Kaplan-Meier estimate as a
goodness-of-fit test. The figure shows that
except standard exponential distribution the
other five distributions fit these data well.
We have fitted standard exponential, the EE,
gamma, log-logistic, log-normal and
Weibull to this data set. We present the
estimates of parameter(s) and median
estimate of these six distributions in Table 2.
In addition we also present the loglikelihood L(.) in the same table.
Comparing these six distributions we
conclude that the best distribution of this
data set is the EE distribution. Because its
log-likelihood function has biggest value.
H0 :  1
We also test to the hypothesis
against H1 :   1 the EE alternatives with

For comparing the EE distribution results
with the other five distributions we use the
following survivor functions: For standard
exponential
distribution,
S (t;  )  exp(  t  ) ,
for
gamma
distribution,

S (t; ,  )  exp(  t  )
for



 1
k 0

t  k !

log-logistic



S (t; ,  )  1  t  





 k 1 ,
distribution,

likelihood ratio statistic. Then we
have  H  2127.0593  123.5766  6.9654 ,

 1

,

for

distribution,
S (t;  ,  )  1  (log t   )   ,

which asymptotically follows the chi-square
distribution with one degrees of freedom
under the null hypothesis. Thus we reject the
null hypothesis at the level of 0.0083.

log-normal
and



For

Table 1: Survival Times for 22 Patients. Survival times (in days) of 22 patients with bile duct cancer
treated with combined drug and Radiation therapy (data from Fleming et al.).
Uncensored
30, 67, 95, 148, 170, 171, 176, 193, 200, 221, 243, 261, 262, 263,
Survival Times
399, 414, 446,464, 777
79, 82, 446
Censored
Survival Times
Table 2: Log-likelihood values from bile duct cancer data.
Distribution
Estimated
Estimated
Log-Likelihood
Name
Scale
Shape
Value L(.)
Parameter
Parameter
295.1052
None
-127.0593
Standard Exponential
165.9948
2.5816
-123.5766
The EE
119.2764
2.3648
-123.6630
Gamma
234.9320
2.4862
-123.9324
Log-Logistic
5.421122
0.7432
-124.4434
Log-Normal
315.7340
1.6401
-123.8524
Weibull
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Estimated
Median
Value
204.5513
240.0550
243.4571
234.9320
226.1327
252.5059
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right-censored survival time is then less than
the actual, but unknown, survival time.
In this study we consider parameter(s)
estimation in the EE distribution based on
progressively censored samples. We also
consider likelihood based confidence
interval of the parameters in that
distribution. We present a real data example
where it is observed that the EE has a better
fit compare to standard exponential, gamma,
log-logistic, log-normal and Weibull.
Extensive studies are required to get other
estimations. For example, confidence
interval of parameters with other approaches
(symmetrical), and survival probabilities.

Fig. 1: Comparing survival probabilities
with bile duck cancer.
Firstly, we estimate the two parameters
using S-Plus written program and the
corresponding
results
are
1
ˆ
ˆ
ˆ  2.581575 and     165.9673 .
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