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Abstract

A useful transformation which interrelates a large class of non relativistic Schroedinger equation
is to be obtained. It is possible to obtain the ground state of non relativistic Schroedinger
equations. The exact solutions may be used to act the accuracy and the reliability of numerical
methods of solving Schroedinger equation. In these transformations, for a class of potentials,
Schroedinger equations are interrelated. Such an interrelation is useful for finding exact solution

of these Schroedinger equations.
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Introduction

One of the important issues of quantum
mechanics is to solve the Schroedinger
equation for physical potentials.
Unfortunately, however, only for few physical
potentials e.g. Coulomb, harmonic oscillator
etc., Schroedinger equation could be exactly
solved. Considerable effort has been made in
recent years towards obtaining the exact
solution of the Schroedinger equation for
potentials of physical interest. It has recently
been shown that the Schroedinger equation for
a very large class of physical potentials can be

solved by choosing a proper ansatz for the
eigen function [1-3, 5, 6].

In the present work, using a simple
transformation, we show that for a class of
potentials, the Schroedinger equations are
interrelated. Such an interrelation is useful for
finding exact solution of these Schroedinger
equations [4, 7, 8].

Schroedinger equation and exact solutions
For exact solution of nonrelativistic
Schroedinger equation for various potential of
physical interest, consider the Schroedinger
equation and is given by
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V¥4 [E- V@] ¥ =0 ~(1D)
Where Vi= Laplacian operator
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¥V = Normalised wave function
m = mass of particle
E =totalenergy
V(r) = Potential energy
h

hh=—
2T

and h = Planck's constant
Now consider the reduced radial part of Schroedinger equation and is given by

[ nZ {dz 1 (LG—1)@0—3]}+{V(TG]—E}IHG(TG]=.[] e (®

C2m |dr2 42
in N-dimension with central potential V() where L, = (N+2D.

If we use the transformation
T, = ()™ and U, (1,) = 17U (17) e cee e e et e et e e e e e ()
then the equation (3) becomes

hz dz 1 o MiIn -
—E{F - F(Ll - 1}(.{.1 - 3}} + (2?19 + 1:} ‘T‘l (2no+1)=1 {V(Tl} - E} ul('r‘l} =0.... (5}
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Where we have set Mo = (21, + Dand Ly = {(2n, + 1) (L, — 1) — (21, — D)} ....... (6)

The equation (5) is again in the form of Schroedinger equation for the central potential

[@no+ 12720 () ~ B _
for zero energy eigenvalue.
Using this transformation once again i.e.

= g —rh
by setting =)™ andu (1) =1 U (1) e e e e (7)) -
the equation (5), we get
Y (dt 1 . . .
I_ﬂ[ﬁg— mz':f-z — 1)Ly — 3?'] +{(2n, + 1020y + 1j|}z-r§["z“°+n"z"‘+lj_l" Wire) —EY |ua(rp) = 0 eeee e (8)

Where we have set
mz = (2??,2 + 1](1?1{1 Lg = [(an + IJ(LE - 1] - (2“2 - 1)] san mas mam mam e n (9)

It is observed that, equation (8) is once again in the form of a Schroedinger equation for the
central potential

2 _2{(@ng+1)(2n, +1)-1} .
[[2?10 +1)(@2n; + 1)} T V() - E}] with energy eigenvalue
zero. By using this transformation, equation (8), by setting
7 = (1) and Uy (1) = 152Uz (T3) wev v cee e e e e e e e e e e e e e e (10)
We have the equation

RE(dd 1 e et e
[_E {d—r%— oy (L — 1Ly — 3]} +{(2n, + 1(2ny + 1) (2, + 1)) 32ER D@D -1 )

- E}]H;{?‘;] =0 (11)
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The equation (11) is again in the form of a Schroedinger equation with zero energy eigenvalue
for the central potential

((2ny + D) (2ny + 1) (2, + DJ2 o T EETE () ]

In this way, in general, equation (11) can be rewritten as

i e -9

+1_[[2n +1)? (r, )“”l e E’}] () =0....(12)

Here p=0,1,2,3, .............
with zero energy eigenvalue for the central potential

[ en+ v ) ==l [y, -

The above transformations are quite general and do not depend on the form of
Vir,),u,(r,)and E.
For a practical application of the present method, we first consider the Schroedinger equation for

a potential, whose solutions can be exactly found. A well familiar example, is the case of
Coulomb potential,

V) =—-=, (13)

To
a = constant
(IZ
E,ﬂ = _ﬁ
(set m = c = h =1, for conveniene)

Lo—1
2= _an L,—1 2ar,
U,(r,) = C,r, * .e"n.F (—n—l— 02 L, — 1,—)

Here co = constant are known

where * for which both the exact energy eigenvalue

and the eigenfunction is

.. (14)

In the present case, the ground state eigenfunction is
AT a

(U ()} ground state = CoTa -8 M eeee e een e e e e e e e e e e e e (15)
The Schroedinger equation for the exactly solvable Coulomb potential can be written as

_l{i— L, - 1)(LG—3)}—E+“— Ug(1) = 0 e (16)
i T, T

a

In view of equatlon (16), the equation (5) can be written as

[ dz 1 . (Zr— a?
—-= {F - F (Ll - 1}(.{.1 - 3}} + {2'1"15, + 1}‘ {_Wix ro=1) + 2']“1ﬂ Tl D}:| ul('rl} =0. (1?}
L 1 1
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By using a little bit of algebraic manipulation, the ground state eigenfunction for the
Schroedinger equation (17) is given by

X o,
uy () =cy7%exp (—Hrf +1) PR £ - )

where q, = E (2n,+1)2n—1)+ %] ceevee ee nee e weneens (19)

In this case, equation (8) leads to

1(d? 1 . :
["F{d_«.f"w_; (L, —1)(L, — 3]}+ {(2n, + 1) 2n, + 1]:}{—w{M‘_L +%a~f"i}]u:{rzj =0 ...(20)

Where 2N: + 1= (21, + 1).(215 + 1) v e e (21)

By using a little bit of algebraic manipulation, the ground state eigenfunction for Schroedinger
equation (20) is given by

u, (1) = c,177 " exp (—%T;Nf'-l) e e e oo oo oo e e (22)
1 1
where q, = [E 2N, +1)(2n—-1) +§] U 1)

In similar way, equation (11) leads to

1(d? 1
["{F;_ 57 (5~ D 3}}

-
&

, aN-1 . X% an
+{(2ny + 1)(2ny + 1)(2n, + 1)}? {—m"ﬂ Ty Fr;”“ Hug(ra} =0 ..(24)

Where 2N2 +1=(2n, +1).(2n, +1) (Zn, + 1) .......(25)

We obtain the exact ground state eigenfunction for the Schroedinger equation (24), after doing
the similar algebraic manipulations, as

o .
Uy (r3) = c371,%. exp (—HT;‘WZH) ce aen e e e eeen 2 (26)

where q, = E (2N, +1)(2n—1) + %] e vee wee e (27)

In the last, Schroedinger equation (12) leads to

1(d* 1 : Wyet | @ an
S P _ _ T 2 ) _ e tNt1 i f)
I 2[ art (L, —1)(L, 3]] +{2N,_y + 13 [ ar, + 527

Where (2N,_; + 1} =[F50Cn+ 1) e (29)

Following the above method, the ground state eigenfunctions for Schroedinger equation
(28) can be written as

ty(rp) = 0 ... (28)

1 o 2n, ,+1
up(rp)szrsp .exp(—ﬁrp v +) T = 11))
1 1
whereq,_; = [E{ZNp_l +1}2n— 1)—|—§] ......... (31)
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Results and Discussion
The exact eigenfunction for different Schroedinger equation for zero energy eigenvalue obtained
above can be used to test the accuracy of numerical methods of solving Schroedinger equation.
The Schroedinger equation (16) for the Coulomb potential possesses an infinite number of exact
solutions and these may be used to find exact solutions of the related equations (5), (8), (11) and
(12) by following the above methods.
By using such method, we can find the exact eigenfunction for Schroedinger equation for the
central fraction power potentials for zero energy eigenvalue.

1

1 —r
To illustrate it, let us put ?  4jp equations (17), then Schroedinger equation becomes

1(d> 1 32 -1 a
l_i{d_rf - 4_“r'f (L, —1)(L, - 3:]} + (E) {_'ml i +ET1}]H1(T1] =0 ...(32)

For the fractional power potential =
3\’ 2 a?
Vi) = (E) {—m‘l 2, 2 rl} (33)

2n?

for the zero energy eigenvalue.

Using above method, exact eigenfunction for the Schroedinger equation (32) can be obtained as

U, (1) = CIT(EH_E).exp (—%?j) S = 1 )

1 1

Here C; = constant

Taking different fractional values of LR VLC-REEE My ee - BLC the exact ground state wave

functions of the Schroedinger equations for a very large class of central fractional power
potentials can be obtained.

Conclusion various central potentials of physical
In this research paper, we obtain exact importance.
eigenfunctions for Schroedinger equation
using an interesting and useful transformation ~ Acknowledgement
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used to check the accuracy and the reliability  suggestions.
of numerical methods of solving Schroedinger
equation. On taking different fractional values
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